TEMPERATURE DISTRIBUTION ON THE SURFACE OF A SEMIINFINITE
BODY IN THE PRESENCE OF A THIN ANNULAR HEAT SOURCE

V. P. Kozlov UDC 536.24.02

We solve the two-dimensional time-dependent heat-conduction problem for a
system of three cylindrical regions heated by a time-dependent heat flux
through an annular region on the surface.

In the last few ' years a great deal of attention, both in the domestic and the foreign
literature [1-9], has been paid to the study of the heat exchange in a semiinfinite (in
the thermal sense) body with local heat sources of various geometrical shapes on the surface.
The solution of heat-conduction problems of this type has been treated in great detail in the
early fundamental treatise [10]. Increased interest in such time-dependent heat-conduction
problems for semiinfinite bodies has taken place because the solutions of these problems
can be used in theoretical and practical applications.

The first area of application is to mathematical physics and the theory of special func-
tions such as degenerate hypergeometric functions, Whittaker and Kummer functions, parabolic
cylinder functions, etc. [11-14] which are generated by second-order ordinary differential
equations into which the heat equation separates in the case of a half-space with disconti-
nuous boundary conditions of the second kind.

Secondly, the time-dependent local sources and sinks of thermal energy acting on the
surface of a semiinfinite body are typical of many thermal processes in electronic devices,
since each diode or transistor mounted into the body is a time-dependent local source of
heat on the surface of the body. Therefore, an accurate calculation of the optimal ther-
mal regime of an electronic device leads to a thermal problem of the type discussed above
[15].

Thirdly, the time-dependent development of spatial temperature fields due to a supply
of heat to a portion of the surface of the body through a local region (in the shape of a
circle, ring, strip, etc.) serves as the mathematical foundation of working methods and
devices for the nondestructive control of thermophysical characteristics of materials (i.e,
without destroying the material) [1-9].

In the present paper we consider the problem for the two-dimensional time-dependent
temperature field 04 (r; z, ) (i =1, 2, 3) in cylindrical coordinates on the surface z = 0§
of a semiinfinite body when there is an arbitrary heat flux density q{(1) acting in an annular
region R, > r > R, on the surface of the body (see Fig. 1). 1In the regions r < R; and « >
r > R, we assume that the surface z = 0 is thermally insulated. The initial temperature dis-
tribution inside the body is assumed to be constant, T, = const. The origin of the coordi-
nate system r = z = 0 is chosen at the center of the annular region bounded by r = R, and
r = R, (R, > R;) on the surface z = 0. The thermophysical characteristics of the semiin-
finite body are assumed to be constant and independent of temperature.

The mathematical formulation of the thermophysical problem reduces to a system of
three heat equations of the form

I o 00,(r, 2z, T 020, (r, z, T
o o [r (ar )]+ (622 :
The ranges of the variables r, z, T are:

0.(r, 2z, V=Ti(r, 2, ) —To (0O r <Ry, 2220, 1=>0)
0,(r, 2, T) = Talr, 2, ©)—To (Ry<<r <Ry, 23>0, ©>>0);
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Fig. 1. Model of a thermally semi-
infinite body heated through an
annular region on the surface by a
heat flux density q(t).

The initial condition for system (1) is
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and the boundary conditions are
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The solution of (1) with the boundary conditions (2)-(11) can be obtained with the help
of Fourier and Laplace transform methods and can be written in the following form for z = 0:
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Here b = A/va (Wesec!/2/m2-deg) is the thermal activity of the semiinfinite body,

/1 1 m
y C"(?;)mg 2m— D ]
o = 7 ()’ = Flmi(n—m) (15)
where 1+3+5+7 ... (2m — 1) = ¢~1/22M — 1/2)/2M is the Pokhammer symbol, (2m — 1)!! = 1:3:5:

. (2m— 1) = q72/22m 1(m + 1/2) is the odd factorial, and the Cl are the binomial co-
efficients.

The Whittaker functions Wy ,(X) = Wy, u(X) are members of the class of degenerate hyper-
geometric functions [11-14] and (using various notations) can be expressed in terms of the
Kummer functions U(a, c, X) = ¥ (a, c; X) or M(a, c, X) = ¢(a, c; X), i.e., Wy, ,(X) = exp
(= X/2)X*/2¥00(1/2 + u = k, 1 + 2u, X) or W, ,(X) = exp(~=X/2) x Xiizhi gr(- 2IM(1/2 + u - k,
1+ 2u, X)/T(1/2 — u — k) + X72H xT(2u)M(1/2 = =%k, 1 —2p, X3/7(1/2 + u — k)}; the gener-
alized hypergeometric series of Gauss ,F,(a, B; ~— l/X), ice., Wy y(X) = exp (- X/2)Xk,F (1/2
—k+y, 1/2 —k —u, — 1/X); the E-function of MacRobert E(a, R: X), ice., Wy 4 (X) = exp
(—X/2) XKE(1/2 + u - k, 1/2 — p — k::X)/T(1/2 + u — K)T(1/2 — u — k) and othe? functions
(see Table 1).

If the inner radius R, of the annular heater goes to zero (R, » 0) we obtain from (13)
and (14) (the solution (12) for ©,(r, 0, 1) vanishes, since in the limit R, > 0 the region
0 < r < R, reduces to a single point) the time-dependent temperature distribution on the
surface of the body as a function of the radius r and time T > 0 when there is a thin cir-
cular heat source of radius R, on the surface:
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TABLE 1. Special Cases and Relations for the Whittaker Func-

tions Wk,u(X)
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If the outer radius of the annular heater goes to infinity (R, » =) then we obtain from
(12) and (13) (the solution (14) for @4(r, 0, ) vanishes since when R, + « the region R, <
r < » is infinitely far from the surface) the time-dependent temperature distribution on
the surface of a semiinfinite body as a function of the radius r and time 1 > 0 when there
is a time-dependent heat source of strength q{t) acting in the region R, < r ¢ » on the sur-
face of the body, and in the region 0 < r < R; (z = 0) the heat flux vanishes along the nor-
mal to the boundary of the body, i.e., in this region the body is thermally insulated:
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The solutions (12)-(19) have the correct limiting behavior. For example, if we put
R, = 0 in (19) we obtain the one-dimensional result of [16]. From (16) evaluated at r = O,
we obtain the particular solution of [5], relating the excess temperature 0,%(0, 0, 1) at
the center (r = z = 0) to the heat flux density acting through the surface z = 0 and in-
side the circular region r = R,, since the Whittaker function for the first term of the
double sum (n = m = 0) will be equal to

Rg - 1 —l/(;- —'21—_‘% _p2 "
Voot () ()T Teeerine

We now consider the application of the time-dependent temperature fields (12}-(19) for
specific forms of q(t — £). We note that these temperature fields are complicated functions
of several variables but the prime issue is the explicit dependence of the excess temper-
atures 0;(r, 0, 1) (on the surface of the body) on all of the thermophysical characteris-
tics of the semiinfinite body. This can be used to implement numerous ''pure" nonstationary
methods of nondestructive control of the thermophysical characteristics of materials, i.e.,
the entire set of thermophysical characteristics can be determined without 1nsert1ng tem-
perature sensors into the body.

Which of the solutions given here is best to use in studying the thermophysical char-
acteristics of materials depends on the inventiveness of the researcher and his ability to
realize in practice the boundary conditions postulated theoretically and methods to supply
controllable heat fluxes and to measure the. corresponding temperatures.

NOTATION

Oi(r, 0, T), excess temperature on the surface of the semiinfinite body in the three
regions of r discussed in the text; R,, R,, r, the outer and inner radii of the annular
heater and the radius vector magnitude; q(t), arbitrary time-dependent heat flux density in
a given local region of heating of a source; a, A, b, thermal diffusivity, thermal conduc-
tivity, and thermal activity of the semiinfinite body; 2z, t, cylindrical coordinate and
time; Ay p, constant thermal amplitudes (see text); W, u(X), Whittaker function; U(a, ¢, X)=
Y(a, c3 X), M(a, ¢, X) = ¢(a, c; X), Kummer functions; ,F,(a, B; —1/X), generalized hyper-

geometric function; E(a, B::X), E-function of MacRobert; I'(a), the gamma function;

477



04*(r, 0, 1),0;**(r, 0, ), T,, excess temperatures on the surface of the semiinfinite
body in the limiting cases for R; and R, (see text) and the initial temperature, respec-
tively.
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CALCULATION OF AN OPTICAL SYSTEM WITH A HOLLOW MIRROR
LIGHTGUIDE AND DIAPHRAGMS FOR PHOTOELECTRIC DEVICES

V. B. Rantsevich UDC 535.31:536.52

A calculation method and nomograms are presented for optical systems with a
hollow mirror cylindrical lightguide, input and output diaphragms, and a
radiation receiver.

Hollow mirror lightguides [l, 2] are now being used in photoelectric equipment, espe-
cially pyrometers, together with lenses, mirrors, lightguides made of opticaly transparent
materials, and other elements. The hollow mirror guides are nonselective, simple in cons-
truction, convenient in use, have high mechanical strength, and are low in cost. However,
no methods are available for calculation of an optical system with hollow lightguides in-
teracting with other elements — diaphragms, radiation receivers, lenses, etc.

Applied Physics Institute, Academy of Sciences of the Belorussian SSR, Minsk. Translated
from Inzhenerno-Fizicheskii Zhurnal, Vol. 50, No. 4, pp. 666-672, April, 1986. Original ar-
ticle submitted January 15, 1985.

478 0022-0841/86/5004-0478 $12.50 ® 1986 Plenum Publishing Corporation



